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3.1.1 Conditional Dynamic Linear Models

Indicator A;: (unobserved)
If A, = )\ then

Ty — H)\.CCt_l + wat
yr = Gz + Vi

where w; ~ N(0,1) and v; ~ N(0,]) and independent.

Given the trajectory of the indicator {Ai,...A;}, the system is

lIinear and Gaussian.



Example: Tracking a target in clutter

Introducing an indicator [; taking values in {0,1,...,m;}.

I; = 0 true signal missing. [; =i, then yy) is the true signal.
ry = Hxp 1+ Wuy
) = Guo+ Ve if L=
y) ~ Unif(A) if 1,

and

P(I;=0)=p;and P(l; =1) = (1 — pg)/my

Given the trajectory of the indicator {I;,...[;}, the system is

linear and Gaussian.



Example: Tracking a target with non-(GGaussian innovations.

rx = Hxy 1+ Wuwy
GiCt + V’Ut

Yt
where w; ~ 1y, v; ~ tp,.

Note that t; = N(0,1)/+/x:/k

Introducing indicators A; = (Ay, Ap).

v = Hupy + Wy if Ap =\
yr = Gy + %V@t if Ap =X
with v; ~ N(0,1), w; ~ N(0,1) and Ay ~ x5, Ao ~ X5, -
Given the trajectory of the indicator {Ai,...A;}, the system is

linear and Gaussian.



Example: Tracking a target with random (Gaussian) acceleration

plus maneuvering

vy = Hxy 1+ Fspu + Wy
Yy = Gl't + Vvt

where u;, w; and v; are all N(0, ) independent.

I; maneuvering status:
I; = 0, no maneuvering, s, = (
I; = 1, slow maneuvering, s; [; = 2, fast maneuvering, s

With known transition matrix P = P([;.4 | ).



3.1.2 Mixture Kalman Filter:

Let y, = (y1,...,%) and A, = (Ay,..., A)).

Note that

plar|y) = [ par| A y)dF (As )
and

p(i | A, y) ~ N(pu(Ay), 07 (Ay))
where

KF,(At) = (e(Ay), Jt2<At))

can be obtained from Kalman filter.

p(zt | y1,...v) is a mixture Gaussian distribution.



(Sequential) Monte Carlo Filter:
a discrete sample with weight

{0y, @™ ™)y = pla |, )

Mixture Kalman Filter:
a discrete sample with weight

(A w0y, w0 ™)y = p(A s )

and a random mixture of Normal distributions
(i)N )\(i) 2 )\(Z)
Zwt (A7), 07 (A7) = p(@e [y, - )

Hence

E(f@) |y m1) Zwt / F ()6 1A, 2 AP de



Benefit: improved efficiency

Varlf(z,) | y)] > Var[E(f(z) | Ar,y,) | v/

Example: X ~ N(A,0?) and A ~ N(0,03). Estimate u = E(X)

(1) directly sample from X ~ N(0, 0% + 05),

D i Xz’) B o} + 03

m m

Var(ji) = Var (

(2) sample A ~ N(0,05).

il = 2 B(X | A) _ 2im1
m m

mop 2
Var(p) =Var (—Zz_l ) _—
m

m



Algorithm:

At time ¢, we have a sample (Aii), K Ft(i), wf))

For t + 1,

(1) : generate )\gl from a trial distribution g(A;, | )\ff), K Ft(i), Y i1)

(2) : run one step Kalman filter conditioning on ()\(i)l, K Ft(i),yt+1)

t+
and obtain K Ft(i)l.

(3) : calculate the incremental weight

(0) POV N | yi)
p(>\§l) ‘ yt)g()‘t—i—l | AE”, KFt(Z)ayt—l—l)

and the new weight w§21 = wt(z)ugfgl
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t t+1 t+1

p(At | yt) 9<At+1‘yt7yt+1) p(/\t+1 ’ ytayt—H)
N /! N\ /!
9t<‘ ’ Ay, yt+1) W1 = Wil

1 1 1 1 1 1 1 1
AV EEY oy — L KR — OLEED el

<>\§m) KFt(m) wgm)) N ()\(m) KF(m)) N ()\(m) K w(m)>

t+1> t+1 9 41

11



When /; is a discrete r.v. on a finite set, then

(0) : For each j=1,...,J, run a Kalman filter to obtain

uy) = p(Wrs1 | Ary1 = J, KFt@)p(/\thl = | )\gi))

(1) : Sample a >‘§21 from the set {1,...,J} with probability pro-
portional to ugz)

i.e. sample a A\ from p(A; 1 | Ay, KFy, ypi1)
(2) : Let Klﬂt(jr)1 be the one with )\gfgl.
(3) : The new weight is

wily o w plyr | N KEY) ocw? Yl

i+

J
(
U

7=1
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When A; is a continuous r.v., a simple (but not optimum) algo-

rithm is

(1) : Sample a A\, from p(A; | Ay = A

(2) : Run one step Kalman filter conditioning on (AIEQD K Ft(i), Y1)
and obtain KF”

t4+1
(3) : The new weight is

wz§21 = ’wgz)p@tﬂ | )‘1(5217 KFt(Z))
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Example: Tracking a target with non-Gaussian innovations

State Equation:
i 17 \{ 2", LT
azf) 01 ajgz_)l 1 t

where w; ~ t3 and v; ~ t3.
T =1, ¢ =400/3, r* = 1600/3.

true signal
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noise var | #= chains Particle MKF

cpu time # miss | cpu time # miss

20 9.49843 72 19.4277 1
50 20.1622 20 51.6061
¢ = 16.0 200 80.3340 7 181.751
r* = 1600 500 273.369 1 500.157
1500 1063.36 3 2184.67

T
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3.1.3 Partial CDLM

state equation: rr = g4(x4_1, )

observation equation: y; = h(xy, e;)
e Extract the linear and (Gaussian components out, and use
Kalman Filter (integrating those components out)

e Nonlinear components are dealt with standard Monte Carlo

Filters

e Non-Gaussian innovations are dealt with indicators and ap-

proximations

e Nonlinear functions are dealt with ’conditional linearization’?
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State: (z;,x]). Observations: (y,y;)

T = Gi(Te1, 77 1, &) (1)
vy = Hyx; |+ Wy, (2)
Yo = ht<xt7€t) (3)
y, = Gpoy + Vi, (4)

® 7;,y;: nonlinear nonGaussian component
e z;,y;: conditional linear Gaussian component
o i, G, W, V,: known matrices given x;

e w; ~ N(0,I) and v; ~ N(0, /) and independent.

Given the trajectory of the NLNG components {zy,...z:}, the

system (2) (4) is linear and Gaussian.
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Example: Digital Signal Extraction in Fading Channels

vy = Hxi_1 + wy

State Equations: ¢ o, = Guay

\ St~ P(' ‘ St—l)

Observation equation: y; = a;s; + v,

State Equations: ;= Hx;_1 +wy

St ™ p(- ‘ 31&—1)

Observation equation: 1y, = Gx;s; + v,

20



Example: 2-d target with GPS and IMU sensor.

State:
® position py, poy
e speed vy, Uy
e (total) acceleration ay, asy
e IMU facing 6,
e IMU rotational speed vy
e T'wo motion status:

— M; = 1: (roughly) zero acceleration (constant between ob-

servations)

— M; = 2: (roughly) constant acceleration

21



0: time gap between observations

State equations: (M; =1)

Pit = Pit—1+ Vit_10 +0.5oe;y 1=1,2
Vit = V-1 T E¢ 1=1,2
ai = € 1=1,2
0 = 0,1+ W10 + 0.50¢;
Y = Y1+ g
P(My=1 | My =j)=pj
Similar for M, = 2

e One can also impose constraints (maps) on the state equations.

e variance of ¢; depends on platform (walking or vehicle etc)
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Observations:
® i, ps: (post-processed) GPS signal
® aj;, as: acceleration in the direction of 6,

e 7;: rotational acceleration

Observational equations:
py = pitey 1=1,2
ay;, = cos(0y)ay + sin(0y)as + wyy
ay = —sin(0;)ay + cos(0;)ag + woy

= Y — Yq + wsy

Give 0,1, M,;, the rest of the system is linear and Gaussian.

Hence,

® 0;,¢;, M, are the NLNG stat components

e 7; is the NLNG observation component.
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Extended Mixture Kalman Filter:

Let ¥, = (y1, - 00)s U = (U, y) and @, = (x1,. .., 7).

Note that

oz, 7} |4y y}) = / plan, ot @iy |yp y0)da

p(»”l?f ’ 33757pr(xt|$t—1ayt7y;<>dF(mt—1 \ yt—lay;fk—1>

where
p(x; | @ yf) ~ N(p(ay), o7 ()
where

KFi(x:) = (uelay), ol (x))

can be obtained from Kalman filter.

p(zf | y,,y;) is a mixture Gaussian distribution.

24



Inference with EMKF

E(fi(z) | Y y7) Zwt filz”)

and
E(fo(@) | Y1, yy) Zwt /f2 P(x"; pr(x ()),03($§i)))d:€*
Specially,
E(r* ~ (4) ()
(@7 | ypy;) & Zwt p(;”)
i=1

Benefit: improved efficiency

Var|fo(zy) | yp yi] = VarlE(foz)) | o ys y; | yr Y7))]
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Algorithm:

At time ¢, we have a sample (azii), K Ft(i), wgi))

For t + 1,

(1) : generate x,ﬁﬂl from a trial distribution g(x; | mgi), KFt(i), Y1 Yie)

(2) : run one step Kalman filter conditioning on (x@l, K Ft(i),y;‘ 1)

t+
and obtain K Ft(i)l.

(3) : calculate the incremental weight

u(z) o p<m§2)7 xﬁgl | Yii1, y;Ll)
t+1 i « i 1) o«
p(wp ’ Yy yt)g(flftﬂ ‘ :13§ )a KFt( )7 yt+1>
(4) (4), (2)

and the new weight w,/; = w; "u; ;.
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¢ t+1 t+1

(e | Yy, YY) 9@ | YY1, Y5, Vi) P(Ter1 | YpYer1 Ur, Uit
AN / AN /
gt(' ’ Lty Yt+1, y;sk+1) W41 = Wili41
1 1 1 1 1 1 1 1
@V D Yy — (@ KR — (LR )
(", K™ ™) — (@ KR — (@ B w)
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Simple example:

2
Te1 = T-12+ 02251 5 + qren

9

Tro = Ty—12 + Q262

Y

yr = 0.524 1242 + T4

with €1+ €42, Ut all N(O, ].)

28



xx1[, 1]

400

300

200

100

MSE x1

Index

60

80

100

xx2[, 1]

29

0.02 0.03 0.04 0.05 0.06 0.07

0.01

MSE x2

Index

60

80

100



Example: Digital Signal Extraction in Fading Channels

a;: Butterworth filter of order r = 3 i.e. ARMA(3,3)
Cutoff frequency 0.1

se ={—1,1}.
Two cases:
vy ~ N(0,0?)
ve ~ (1 —a)N(0,07) + aN(0,03)

Extra indicator I; for noise.

30



Bit Error Rate (BER)

.....................................................................................

......................................................................................

10_3_:::: pee N NI e TN
o]0 o A=0 NN Y
1o o am1 CUNG
.| O o A=2 N ]
|+ + known channel bound L NN .
|*  * genie-bound '
* % diff. detection
-4 | | |
10 15 20 25 30 35

Eb/No (dB)

31



00— S — S B —— S
................... *\.
R S |
5 : TR - e - - - k- e —
10 \\ .............. e o
(F SRR RRRRE N
W [ N NS N ]
O NS e
Q LR N N oo

@
S L NN N N ]
o
‘CE ..............................................................................
10_3". NG R N T
10 o A=0
1o o A1 BN N
| o o A=2 NNl ‘
]+ + knownchannelbound | ... o L YOO
* % genie-bound
: % differential detection N
AN
10‘4 ! ! ! ! [
10 15 20 25 30 35 40
Eb/No (dB)

32



What we have done:

e Separate NLNG and Conditional LG components

e Nonlinear components are dealt with standard Monte Carlo

Filters

e Use Kalman Filter for the conditional linear and Gaussian

component.

Further Improvement — reduce the number of NLNG compo-

nents with approximation

e Linear approximation of the nonlinear functions, as EKF.

e Mixture (Gaussian approximation of the Non-Gaussian inno-

vations, by introducing indicators

— conditional on the indicator, innovation is (zaussian

— t distribution, double exponential, exponential power fam-

ily, logistic, etc. and the mixture of them!
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